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Typically, a multiphase batch process comprises several steady phases and transition periods. In steady phases, the data
characteristics remain similar during the phase and have a significant repeatability from batch to batch; thus most data
nonlinearities can be removed through the batch normalization step. In contrast, in each transition period, process
observations vary with time and from batch to batch, so nonlinearities in the data may not be eliminated through batch
normalization. To improve quality prediction performance, an efficient nonlinear modeling method—relevance vector
machine (RVM) was introduced. RVMs were formulated for each transition period of the batch process, and for combining
the results of different process phases. For process analysis, a phase contribution index and a variable contribution index
are defined. Furthermore, detailed performance analyses on the prediction uncertainty and variation were also provided.
The effectiveness of the proposed method is confirmed by an industrial example. VVC 2011 American Institute of Chemical

Engineers AIChE J, 58: 1778–1787, 2012
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Introduction

Because batch processes lack online measurements of the
quality variable, significant efforts have been made in recent
years developing quality prediction methods. Among those
methods, multivariate statistical analysis models have
attracted much attention. They can be directly derived from
process data and can handle high dimensionality and corre-
lated variables. Multiway principal component analysis
(MPCA) and multiway partial least squares (MPLS) are two
of the most widely used batch modeling techniques.1,2 Dif-
ferent extensions of MPCA/MPLS have been proposed to
improve the modeling of batch processes and the interpreta-
tion of the batch results,3–7 but these multiway methods can-
not reveal the multiphase characteristics which may be pres-
ent in the data from many batch processes.8–11 Batch proc-
esses which have multiple operation phases may exhibit
different data behavior in different phases.

Phase-separated modeling approaches build a separate sta-
tistical model for each phase of a batch process.12–17 How-
ever, most of them have assumed that the process can be
broken into steady phases, and interphase transition behavior
has rarely been considered. In practice, many batch proc-
esses may have significant transition behavior from phase to
phase, especially in the start-up and ending periods of the
process. The information in these transition periods may
influence the quality prediction performance of any model,
so incorporating the transition data is important. Here, the
steady phase is defined as a part of the batch process among
which the data characteristic and variable correlation keep
similar. In contrast, the transition period is defined as the
part in which the data characteristic and variable correlation
change more significantly than the steady phase. Typically,
the transition period corresponds to the start-up, ending of
the process, or lies between two steady phases.

Recently, a soft-transition MPCA (STMPCA) method has
been proposed for batch process monitoring in which transition
information is represented in terms of a weighted combination
of the two adjacent steady phase models.18 A similarity factor-
based method was later developed for identifying the transition
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phases.19 However, these methods focus on process monitor-
ing; the quality prediction problem has not been considered,
and a common shortcoming of these two methods is that the
number of phases should be specified a priori, which may not
be in accordance with the real process behavior. Recent work
in our laboratory has suggested a new phase division method
based on the repeatability information of a batch process.20 Af-
ter the process has been divided into steady and transition
phases, corresponding phase models have been developed for
quality prediction.

So far, however, while MPCA and MPLS are inherently
linear modeling approaches, most phase-based quality pre-
diction methods have also been restricted to linear cases. For
those batch processes which have significant nonlinear data
correlations, a proper nonlinear statistical model will be
helpful to improve modeling and prediction. In each steady
phase, where the data characteristics remain similar during
the phase and from batch to batch, most data nonlinearities
can be removed through batch scaling and normalization,
i.e., the mean trajectory of different batches can be removed.
In these cases, a linear regression model (using PLS, for
example) is sufficient for quality modeling in each of the
steady phases. The transition periods, in contrast, often
exhibit more uncertainties, which makes modeling more
complicated, and any nonlinearity may not easily be elimi-
nated through batch normalization. As a result, the linear
model may not function well in the transition period. To
improve modeling performance, it is necessary to construct a
nonlinear regression model in each transition period.

In the past years, there has been some work on nonlinear
regression modeling using approaches such as artificial neural
networks (ANNs) and support vector machines (SVMs).21–23

Indeed, the traditional PLS method has also been extended to
nonlinear counterparts as neural network PLS (NNPLS), kernel
PLS (KPLS), etc.24–27 Compared to PLS- and ANN-based
regression methods, SVM is a more promising nonlinear mod-
eling method and can work well with limited training data
samples. Vapnik has provided a detailed derivation and theo-
retical justification of the use of SVMs.22 However, SVM has
some significant drawbacks. First, it does not allow for the use
of an arbitrary kernel function, because the kernel function
should satisfy Mercer’s conditions. Second, the SVM method
needs to determine the error/margin trade-off parameter and
the insensitivity parameter, which will generally introduce a
cross-validation procedure.

Recently, another kernel learning method termed the rele-
vance vector machine (RVM) has been proposed.28 This
shares a similar functional form with SVMs, but has no limi-
tations on the type of kernel function. By introducing a prior
distribution over the weight parameter, a Bayesian approach
has been adopted for RVM learning. While SVM can only
provide a point estimate of the predicted variable, RVM
gives a probabilistic prediction result which provides
detailed uncertainty information about the prediction. The
uncertainty of the prediction result is important for under-
standing the process and interpreting the results because it
can provide information about the reliability of the predicted
values in specific phases and at specific time points. Addi-
tionally, compared to SVM, RVM modeling leads to sparser
models, thus faster computation on test data while maintain-
ing comparable generalization errors.

With both linear PLS and nonlinear RVM models, predic-
tion results can be generated for both steady phases and tran-
sition periods. But another important issue which has not

been properly considered is the relationships between differ-
ent phases and how to efficiently combine phase prediction
results. Several combination approaches involving weighted
parameters and linear regression methods have been pro-
posed,10 but more detailed relationships can be constructed
based on nonlinear models. Particularly when incorporating
transition information gives a nonlinear prediction result, the
relationships between the steady phases and transition peri-
ods are probably also nonlinear. Therefore, a nonlinear
regression model is then more appropriate for combining dif-
ferent phases of the process. Furthermore, for the purpose of
quality control, the phases which are most important for the
final quality need to be determined, and the key variables in
those phases need to be identified. This study set out to de-
velop a strategy for identifying critical phases and key varia-
bles using a nonlinear quality prediction algorithm.

The remainder of this article is organized as follows. In
section 2, preliminaries of PLS and RVM are given. Detailed
description of the nonlinear quality prediction algorithm is
presented in section 3, followed by an industrial application
study of the injection molding process in the next section.
Finally, conclusions are made.

Terminology

Partial least squares

Denote the process and quality variable datasets as {X,Y}.
PLS intends to decompose X and Y into scores matrix T, U,
and loading matrices P and Q, given as2

X ¼ TPT þ E

T ¼ XWðPTWÞ�1
(1)

Y ¼ UQT þ F (2)

where W is the weight matrix of the PLS model, E and F are
residuals matrices of the process and quality variables. For a
new data sample xnew, the predicted output variables can be
calculated as

ŷnew ¼ ½WðPTWÞ�1
QT �Txnew (3)

Support vector machine for regression

Given the training dataset {xi, yi}i ¼ 1,2,���n, the regression
SVM metho aims to solve the following optimization problem

min
1

2
wk k þ C

n

Xn
i¼1

ðni � n�i Þ
( )

subject to : f ðxiÞ � yi � eþ ni
yi � f ðxiÞ � eþ n�i
ni; n

�
i � 0

(4)

where C[ 0 is the predefined regularizing parameter, e is the
insensitive parameter, ni and n�i are slack variables for each data
sample. Based on the Lagrange multiplier method and QP
algorithm, the SVM regression function can e derived as follows

f ðxÞ ¼
Xl
i¼1

ðai � a�i ÞKðx; xiÞ þ b (5)

b ¼ yj �
Xl
i¼1

ðai � a�i ÞKðxj; xiÞ þ e (6)
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where ai and a�i are the optimized Lagrange multipliers for
each support vector, K (�) is the kernel function, l is the
number of support vectors selected in the model. By
introducing the kernel function, SVM model becomes flexible
to deal with complicated nonlinear regression problem.

Relevance vector machine

The main idea of the RVM algorithm was originally pro-

posed by Tipping.28 It has been used for data classification

and regression in areas such as machine learning, pattern

recognition and many others. Based on the introduction of a

prior distribution for each parameter weight, the RVM

algorithm can be developed on an SVM framework

through Bayesian methods. Denote the training dataset as

{xi, yi}i ¼ 1,2,���n. The nonlinear relationship between the

process and quality variables can then be expressed as

y ¼ f ðx;wÞ þ e (7)

where e is the random error, which is assumed to be

independent and Gaussian distributed with a zero mean and

variance r2, e � N (0,r2), w is the weighted parameter. Similar

to the SVM algorithm, the nonlinear function f(x) can be

expressed as a linearly weighted sum of some basis functions28

f ðx;wÞ ¼
Xh
i¼1

wiKðx; xiÞ þ w0 ¼ wTwðxÞ (8)

where w ¼ [w0, w1, w2,���, wh]
T is the weighted parameter

vector of the basis functions w and w(x) ¼ [1,K(x,x1), K(x,x2),
���, K(x,xh)]T.

Unlike the SVM, the RVM can give a probabilistic predic-

tion for the quality variable based on the weighted parameter

vector w and the noise variance r2. The probabilistic predic-

tion can be expressed as p(y|x) ¼ N(f(x,w)r2). By carrying

out the following optimization, the optimal values of a (which

is a parameter in the priori distribution of w in Eq. 11) and

r2 can be obtained

maxLða;r2Þ ¼ max logfpðyjX;w;r2Þg

¼ max log

Z
pðyjX;w;r2ÞpðwjaÞdw

� �
ð9Þ

pðyjx;w;r2Þ ¼ 1

ð2pr2Þn=2
exp � 1

2r2
y� wðxÞwk k

� �
(10)

pðwjaÞ ¼
Yn
i¼0

Nðwij0; a�1
i Þ ¼ 1

ð2pÞðnþ1Þ=2
Yn
i¼0

a1=2i exp � aiw2
i

2

� �

(11)

where y ¼ (y1, y2, ���, yn), X ¼ (x1, x2,���, xn). The posterior
distribution of w can be determined from

pðwjy; a; r2Þ ¼ pðyjw;r2ÞpðwjaÞ
pðyja;r2Þ

¼ 1

ð2pÞðnþ1Þ=2 Rj j�1=2
exp �1

2
ðw�lÞTR�1ðw�lÞ

� �
(12)

which is also a Gaussian distribution with mean and variance
satisfying

l ¼ r�2RwTðxÞy (13)

R ¼ ðr�2WTðxÞWðxÞ þ AÞ�1
(14)

where W(x) ¼ [w1 (x), w2 (x),���,wn(x)], and A is a diagonal
matrix with elements A ¼ diag(a0,a1,���,an). As a result, many
elements of w become zero and the optimal mean w value will
have very few nonzero elements. By analogy with the term
‘‘support vector’’ used in SVM methods, the non-zero w

element training data are called a ‘‘relevance vector’’ in the
RVM method.

Methodology

A detailed quality prediction algorithm will now be demon-
strated which includes phase-based prediction models for
steady phases and transition periods, nonlinear regression
modeling for combining the results, critical phase and key vari-
able identification, and uncertainty and performance analyses.

Assume that the batch process has already been divided
into steady phases and transition periods. The historical
batch process dataset can be represented as a three-way data
matrix X(I � J � K), where I is the number of batches, J is
the number of variables, and the duration of each batch is K.
Through the batch direction, the three-way data matrix can
be unfolded into a two-dimensional matrix X(I � JK), which
can be further decomposed into different time slices

XðI � JKÞ ¼ ½X1ðI � JÞ X2ðI � JÞ � � � XKðI � JÞ� (15)

Suppose the batch process has been divided into S steady
phases and T transition periods. The dataset can then be
partitioned as follows

XðI � JKÞ ¼ ½Xst
1 ðI � JKst

1 Þ Xtr
1 ðI � JKtr

1 Þ Xst
2 ðI � JKst

2 Þ � � �
Xtr

TðI � JKtr
T Þ Xst

S ðI � JKst
S Þ� ð16Þ

where the st and tr superscripts represent steady phases and
transition periods, respectively, Kst

1 , K
st
2 , ���, Kst

S are the steady
phase time slices and Ktr

1 , K
tr
2 , ���, Ktr

T are the transition time
intervals.

Quality prediction modeling for the steady phases and
transition periods

To build a prediction model for each steady phase, the
PLS prediction model for each time slice should be devel-
oped first.2

Xst
s;k ¼ Tst

s;kP
st T
s;k þ Est

s;k

Y ¼ Ust
s;kQ

st T
s;k þ Fst

s;k

Rst
s;k ¼ Wst

s;kðPst T
s;k W

st
s;kÞ�1

Qst T
s;k

(17)

where s ¼ 1,2,���,S and k ¼ 1,2,���,Kst
s . Pst

s;k and Qst
s;k are the

loading matrices, Tst
s;k and Ust

s;k are the score matrices, Est
s;k and

Fst
s;k are the residual matrices, and Ast

s;k is the retained number

of latent variables in each PLS model. Conventionally, the

number of latent variables can be determined by cumulative

percentage of explained variance of the process data (CPV),

Predicted residual sum of squares (PRESS), Cross-validation

(CV), etc. In this article, the CPV method is used, thus the

number of latent variables is determined if the CPV value of

the PLS model exceeds a cutoff value, e.g., 85%. Wst
s;k is the

weighting matrix of each PLS model, and Rst
s;k is its regression

matrix. In the next step, the representative PLS regression

model can be developed, the regression matrix of which is the

mean value of all steady phase slices
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Rst�
s ¼ 1

Kst
s

XKst
s

k¼1

Rst
s;k (18)

Similarly, in each transition period the RVM model is
constructed for each time slice in the first step28

y ¼ f ðx;wtr
t;kÞ þ etrt;k ¼

XI
i¼1

wtr
t;k;iKðx; xtrt;k;iÞ þ wtr

t;k;0

þ etrt;k ¼ wtr T
t;k w

tr
t;kðxÞ þ etrt;k ð19Þ

where t ¼ 1,2,���,T and k ¼ 1,2,���,Ktr
t � wt;ktr ¼ [wtr

t;k;0, w
tr
t;k;1,

wtr
t;k;2,���,wtr

t;k;l]
T is the weighted parameter vector of the basis

functions wtr
t;k (x) ¼ [1,K(x,xtrt;k;l), K(x,xtrt;k;2),���,K(x,xt,k,ltr)]T.

The prior distribution of the weighted parameter vector for
each RVM model is

pðwtr
t;kjatrt;kÞ ¼

YI
i¼0

Nðwtr
t;k;ij0; atr �1

t;k;i Þ

¼ 1

ð2pÞðIþ1Þ=2
YI
i¼0

atr 1=2t;k;i exp � atrt;k;iw
tr 2
t;k;i

2

 !
ð20Þ

The posterior distribution of Wtr
t;k can now be determined

based on the maximum likelihood algorithm, the mean and
variance of which are given by

wtr
t;k ¼ rtr �2

t;k Rtr
w;t;kW

tr T
t;k ðxÞy (21)

Rtr
w;t;k ¼ ðrtr �2

t;k Wtr T
t;k ðxÞWtr

t;kðxÞ þ Atr
t;kÞ�1

(22)

where Wtr
t;k (x

tr
t;k) ¼ [wtr

t;k (x
tr
t;k;1),w

tr
t;k (x

tr
t;k;2), ���, wtr

t;k (x
tr
t;k;I)], and

Atr
t;k is a diagonal matrix with elements Atr

t;k ¼ diag (atrt;k;0,
atrt;k;1,���,atrt;k;l).

Based on the RVM model for each time slice, the RVM
model for each transition period can be developed. The
mean weighted parameter is

wtr�
t ¼ 1

Ktr
t

XKtr
t

k¼1

wtr
t;k ¼

1

Ktr
t

XKtr
t

k¼1

rtr �2
t;k Rtr

w;t;kW
tr T
t;k ðxÞy (23)

Nonlinear results combination

To predict the quality of a new batch, the prediction result
in a specific steady phase or transition period can be calcu-
lated by averaging the results of all available information
about that phase or period

ŷkcnew;s ¼
1

kc

Xkc
k¼1

ŷknew;s ¼
1

kc

Xkc
k¼1

Rst� T
s xknew (24)

ŷ
kc
new;t ¼

1

kc

Xkc
k¼1

ŷ
k
new;t ¼

1

kc

Xkc
k¼1

wtr� T
t wtr

t;kðxknewÞ (25)

where s ¼ 1,2,���,S and t ¼ 1,2,���,T . kc ¼ 1,2,���,Kst
s (Ktr

t ) is the
current time point in the corresponding phase wtr

t;k (xknew) ¼
[1,K(xknew, x

k
t;k;1),K(x

k
new,x

tr
t;k;2),���,K(xknew,xtrt;k;l)]T.

A series of nonlinear cumulative regression models must
now be developed to combine the different phase and period
prediction results. Generally, when s steady phases and t
transition periods are being incorporated for quality predic-
tion, the cumulative RVM model is

y ¼ f ðŷsþt�1;wsþt�1Þ þ esþt�1

¼
XI
i¼1

wsþt�1;iKsþt�1ðŷsþt�1; ŷ
tr
sþt�1;iÞ

þ wsþt�1;0 þ esþt�1 ¼ wT
sþt�1wsþt�1ðŷtrsþt�1Þ þ esþt�1 ð26Þ

where ŷtrsþt�1;i, i ¼ 1,2,���,I and ŷsþt�1, are the phase
prediction values of the training batches and the test batch,
respectively. s ¼ 1,2,���,S, t ¼ 1,2,���,T, and the basis
function is wsþt�1(ŷsþt�1) ¼ [1,K(ŷsþt�1,ŷ

tr
sþt�1;1), K(ŷsþt�1,

ŷtrsþt�1;2),���,K(ŷsþt�1, ŷ
tr
sþt�1;I)]

T. As a result, a total of S þ
T � 1 cumulative RVM regression models must be
developed to combine the results. Given the prior
distribution of the weighted parameter vector for each
RVM model, the posterior distribution of wsþt�1 can be
determined as

pðwsþt�1jy; ŷtrsþt�1; asþt�1; r
2
sþt�1Þ

¼ pðyjŷtrsþt�1;wsþt�1;rsþt�1
2Þpðwsþt�1jasþt�1Þ

pðyjasþt�1;rsþt�1
2Þ ð27Þ

which is also Gaussian distributed with mean

wsþt�1 ¼ r�2
sþt�1Rw;sþt�1W

T
sþt�1ðŷtrsþt�1Þy (28)

and variance

Rw;sþt�1 ¼ ðr�2
sþt�1W

T
sþt�1ðŷtrsþt�1ÞWsþt�1ðŷtrsþt�1Þ þ Asþt�1Þ�1

(29)

where Wsþt�1 ( ŷ tr
sþt�1) ¼ [wsþt�1 ( ŷ tr

sþt�1;1) , wsþt�1

(ŷtrsþt�1;2),���,wsþt�1 (ŷ
tr
sþt�1;I)], and Asþt�1 is a diagonal matrix

with elements Asþt�1 ¼ diag (asþt�1,0, asþt�1,1,���,asþt�1,I).
Using these nonlinear regression models, the phase and pe-

riod prediction results can be combined on the second level.
Suppose an online quality prediction is to be made in transition
period t. The prediction results in the previous phases/periods
and the current transition period for the new data sample xnew
should have been calculated in the first step. They are

ŷ
st
new;1 ¼

1

Kst
1

XKst
1

k¼1

ŷ
st;k
new;1 ¼

1

Kst
1

XKst
1

k¼1

Rst� T
1 xknew

ŷ
tr
new;1 ¼

1

Ktr
1 � Kst

1

�
XKtr

1

k¼Ktr
1
�Kst

1
þ1

ŷ
tr;k
new;1 ¼

1

Ktr
1 � Kst

1

XKtr
1

k¼Ktr
1
�Kst

1
þ1

wtr� T
1 wtr

1;kðxnewÞ

..

.

ŷstnew;s ¼
1

Kst
s �Ps�1

j¼1 K
st
j �Pt�1

j¼1 K
tr
j

XKst
s

k¼Kst
s �
Ps�1

j¼1

Kst
J
�
Pt�1

j¼1

Ktr
j
þ1

�ŷ
st;k
new;s¼

1

Kst
s �Ps�1

j¼1 K
st
j �Pt�1

j¼1 K
tr
j

�
XKst

s

k¼Kst
s �
Ps�1

j¼1

Kst
J �
Pt�1

j¼1

Ktr
j þ1

Rst� T
s xknew
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ŷtr;kcnew;t ¼
1

kc�Ps
j¼1 K

st
j �Pt�1

j¼1 K
tr
j

Xkc
k¼kc�

Ps
j¼1

Kst
j
�
Pt�1

j¼1

Ktr
j
þ1

� ŷ
tr;k
new;t¼

1

kc�Ps
j¼1 K

st
j �Pt�1

j¼1 K
tr
j

�
Xkc

k¼kc�
Ps
j¼1

Kst
j �
Pt�1

j¼1

Ktr
j þ1

wtr� T
t wtr

t;kðxnewÞ ð30Þ

The prediction can now be made by combining these phase
and period prediction results

ŷ
ph
new ¼ ½ŷstnew;1 ŷtrnew;1 � � � ŷstnew;1 ŷtr;kcnew;t�

wkc
sþt�1ðŷphnewÞ¼½1;Kðŷphnew; ŷph1 Þ;Kðŷphnew; ŷph2 Þ; � � � ;Kðŷphnew; ŷphI Þ�T

ŷ
kc
new ¼ wT

sþt�1w
kc
sþt�1ðŷphnewÞ ð31Þ

where ŷphnew is a combined vector of different phase or period
prediction results ŷ

ph
i , i ¼ 1,2,���,I from the training batches.

Critical phase/period determination and key variable
identification

To quantify the importance of each phase and period in
determining the final quality, the phase/period contribution
index (PCI) is defined as

wph
j ðyph;jnewÞ ¼ ½1;Kðŷph;jnew; ŷ

ph;j
1 Þ;Kðŷph;jnew; ŷ

ph;j
2 Þ; � � � ;Kðŷph;jnew; ŷ

ph;j
I Þ�T

PCIðjÞ ¼
wT

SþT�1w
ph
j ðŷph;jnewÞ

��� ���
PSþT

j¼1

wT
SþT�1w

ph
j ðŷph;jnewÞ

��� ��� ð32Þ

where j ¼ 1,2,���,S þ T is a phase/period index and ŷph;i and
ŷph;ii , i ¼ 1,2,���,I are the quality predictions for the j-th phase or
period of the current batch and the training batches

respectively. The contribution index ranges from zero to

one, and
PSþT

j¼1 PCIðjÞ ¼ 1. Using this index, the contribution

of each phase and period to the final quality prediction can be

quantified. Those phases/periods with the large PCI values

should be determined as the critical-to-quality phases/periods

in the batch process. In contrast, others which have relatively

smaller PCI values should be categorized as minor-contributed

phases/periods. Once the most important phases and periods

have been determined, it is important for quality control that

the key variables in those phases/periods should also be

identified. By analogy, variable contribution indices for the

key steady phases and transition periods can be defined as

Nvb
s;k;jðxvb;jnew;kÞ ¼ ½0; � � � ; xvb;jnew;k; � � � ; 0�T

VCIsðk; jÞ ¼
Rst� T

s Nvb
s;k;jðxvb;jnew;kÞ

��� ���PJ
j¼1 Rst� T

s Nvb
s;k;jðxvb;jnew;kÞ

��� ���
(33)

wvb
t;k;jðxvb;jnew;kÞ ¼ ½1;Kðxvb;jnew;k; x

tr;j
t;k;1Þ;Kðxvb;jnew;k; x

tr;j
t;k;2Þ; � � � ;

Kðxvb;jnew;k; x
tr;j
t;k;IÞ�T

VCItðk; jÞ ¼
wT

t w
vb
t;k;jðxvb;jnew;kÞ

��� ���PJ
j¼1 wT

t w
vb
t;k;jðxvb;jnew;kÞ

��� ���
(34)

where j ¼ 1,2,���,J is the variable index, k ¼ 1,2,���,Kst
s (K

tr
t )

is the sample time point in each phase/period, and xvb;jnew;k and

xtr;jt;k;i, i ¼ 1,2,���,I are the process variables of interest in the

current batch and the training batches respectively. For sim-
plicity, the key variables for quality prediction in each
phase/period can be determined by the following two mean
variable contribution indices

MVCIsðjÞ ¼ 1

Kst
s

XKst
s

k¼1

VCIsðk; jÞ (35)

MVCItðjÞ ¼ 1

Ktr
t

XKtr
t

k¼1

VCItðk; jÞ (36)

where s ¼ 1,2,���,S, and t ¼ 1,2,���,T. As before,PJ
j¼1 MVCIsðjÞ ¼ 1 and

PJ
j¼1 MVCItðjÞ ¼ 1. Using these

two indices, the key variables for quality prediction in each
critical-to-quality phase and period can be successfully
identified.

Prediction uncertainty

Up to now, the mean values of the weighted parameters in
the RVM model have been used for quality prediction in
each transition period and in the phase/period combination
step. Actually, the weighted parameter is an uncertainty vec-
tor which follows a Gaussian distribution, with its variance
given in Eqs. 22 and 29. The RVM model can therefore pro-
vide a probabilistic prediction result for each quality vari-
able. More specifically, the final prediction result in transi-
tion phase t can be calculated as

pðŷkcnewjŷphnew; y; asþt�1;r
2
sþt�1Þ

¼
Z

pðŷkcnewjŷphnew;wsþt�1;r
2
sþt�1Þ

� pðwsþt�1jŷphnew; y; asþt�1;r
2
sþt�1Þdwsþt�1 ð37Þ

where the distribution of the weighted parameter wsþt�1 is
given in Eq. 27. Hence the distribution of the predicted value
ŷkcnew is also Gaussian, with mean

ly;new ¼ �wT
sþt�1w

kc
sþt�1ðŷphnewÞ (38)

and variance

Ry;new ¼ r2sþt�1 þ wTðŷphnewÞRw;sþt�1wðŷphnewÞ (39)

where wkc
sþt�1 (ŷphnew) ¼ [1,K(ŷphnew,ŷ

ph
1 ), K(ŷphnew, ŷ

ph
2 ),���,K(ŷphnew,

ŷ
ph
1 )]T. As can be seen in Eq. 39, the uncertainty in the quality

prediction comes from two sources. The first is the noise
variance in the process data, while the second arises from the
uncertainty of the prediction model. Compared to the noise,
which is inevitable, the uncertainty in the prediction model is
related to the process data itself and the model’s structure.

In each transition period the prediction uncertainty can be
obtained similarly. Through combining the prediction results
for different phases and periods, the uncertainty of the com-
bined result may be increased as more uncertain information
is incorporated, especially the prediction results in the transi-
tion phases. Therefore, in each of the steady phase the pre-
diction uncertainty is given by the cumulative RVM model
as Punew ¼ P

y,new. But in each of transition period the
uncertainty is
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Punew ¼ Ry;new þ Rtr
y;new ¼ r2sþt�1 þ wTðŷphnewÞRw;sþt�1wðŷphnewÞ

þ rtr 2t;k þ wTðxtrnewÞRtr
w;t;kwðxtrnewÞ ð40Þ

where
P

tr
w;t;k is given in Eq. 22, and rtr2t;k is the noise variance

in the transition period.

Performance evaluation

Given a test dataset covering Ite batches, a root mean square
error (RMSE) criterion can be used to assess the performance
of the method at each time point of the batch process.

RMSEðkcÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiPIte

i¼1 yi � ŷkci

�� ��2
Ite

s
(41)

where kc ¼ 1,2,���,K. yi, i ¼ 1,2,���,Ite is the real measured
value for each test batch, and ŷkci is the predicted value for test
batch i at time point kc.

Another performance index is the batch prediction var-
iance (BPV), which can be defined to evaluate the variation
of the predicted results for each batch.

BPVðiÞ ¼ 1

K

XK
k¼1

ŷ2i ðkÞ �
1

K

XK
k¼1

ŷiðkÞ
" #2

(42)

where i ¼ 1,2,���,Ite, and k ¼ 1,2,���,K. Similarly, a phase/
period prediction variance (PPV) can be defined as

PPVsðiÞ ¼ 1

K

XKst
s

k¼1

ŷ
2
i ðkÞ �

1

K

XKst
s

k¼1

ŷiðkÞ
" #2

PPVtðiÞ ¼ 1

K

XKtr
t

k¼1

ŷ2i ðkÞ �
1

K

XKtr
t

k¼1

ŷiðkÞ
" #2 (43)

where s ¼ 1,2,���,S, and t ¼ 1,2,���,T. These indices can be used
to evaluate the prediction variations in each of the steady
phase and transition period, and also among batches.
Compared to the steady phases, the prediction variation may
be more significant in the transition periods. This is because
the data in the transition period varies more making the model
uncertainty also more significant.

Figure 1 presents a summary description of the pro-
posed nonlinear quality prediction and process analysis
method.

Further discussions

In the present work, we have previously assumed that the
batch process has already been divided into different steady
phases and transition periods. Although several efficient
phase division methods have been developed in the past
years, this is still an open question, thus needs further inves-
tigations. Particularly, when the termination times of differ-
ent batches are varying, it is a challenge to divide the

Figure 1. Flowchart of the nonlinear quality prediction
and process analysis method.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]

Table 1. Variables Selected for Process Monitoring

No. Variables Unit

1 Valve 1 opening %
2 Valve 2 opening %
3 Screw stroke Mm
4 Screw velocity Mm/s
5 Ejector stroke Mm
6 Mold stroke Mm
7 Mold velocity Mm/s
8 Injection press Bar
9 Temperature 3 –
10 Temperature 2 –
11 Temperature 1 –

Table 2. Phase Division Results of the Injection Molding
Process

Transition Periods Time Points Steady Phases Time Points

Transition period1 1–18
Steady phase 1 19–117

Transition period2 118–119
Steady phase 2 120–367

Transition period3 368–369
Steady phase 3 370–609

Transition period4 610–635

Figure 2. Quality prediction of different methods.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary. com.]
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process into different phases, and the duration time of each
phase is also very difficult to determine. Also, how to
incorporate the nonlinear data behavior for phase division
in the batch process is another research issue, which may
improve the phase division result, especially when the non-
linearities of phases/transition periods are different from
each other.

An injection molding example

Injection molding is a common multiphase batch process.
Its operation phases might be defined as injection, packing-
holding, plastication and cooling. The weight of the final
product might be selected as the key quality variable. Online
process measurements commonly include temperatures, pres-

sures and the screw velocity. Some typical values from
bench scale molding experiments are tabulated in Table 1.
A detailed description of the equipment and the experimental
design can be found in reference.10 A dataset covering 150
batches has been collected, among which 100 batches were
used for model training and the other 50 for testing. Each
batch had 635 sampling time points. Based on the repeatabil-
ity factors, the process was divided into 3 steady and 4 tran-
sition periods, as shown in Table 2.

A linear or nonlinear prediction model was developed for
each phase and period. For each steady phase a PLS model
with 4 latent variables was constructed. In each transition
period the representative RVM model had a kernel parameter
of 5.5. Three methods for evaluating the quality predictions

Figure 3. Detailed prediction results of the three methods in transition phases.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]

Figure 4. Quality predictions for two test batches, (a)
First batch; (b) Second batch.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]

Figure 5. End of phase quality predictions for two test
batches, (a) First batch; (b) Second batch.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]
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were compared. In the first method, each of the steady
phases and transition periods was modeled with a linear PLS
model, and the phase prediction results were combined
through the linear PLS model to the phase level. In the sec-
ond method, an RVM model was used for modeling each
transition period, and the phase prediction results were com-

bined through a linear PLS model. The nonlinear informa-
tion in the transition periods was better represented by this
second method, and that improved quality prediction per-
formance. In the third method, the modeling approaches for
the steady phases and transition periods were the same as in
the second method, but the phase combination model was a

Figure 6. Critical-to-quality phase evaluation results, (a) Training batches; (b) Test batches.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]

Figure 7. Key variable identification results, (a) Transition phase 1; (b) Steady phase 1; (c) Transition Phase 2; (d)
Steady phase 2; (e) Transition phase 3; (f) Steady phase 3; (g) Transition phase 4.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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nonlinear model. This further improved the quality predic-
tion performance. These three methods are termed the PLS-
PLS, PLS-RVM-PLS, and PLS-RVM-RVM approaches.

The RMSE values for the test batches using these three
methods are presented in Figure 2. The results with the PLS-
RVM-RVM method were consistently the best. Quality pre-
diction in each transition period was particularly improved
compared to the linear PLS method, detailed results of
which are provided in Figure 3. The performance has been
enhanced through the nonlinear combination of the predic-
tion results for different operational phases. In the first tran-
sition period, the prediction results of the PLS-RVM-RVM
and PLS-RVM-PLS methods are the same because there was
no results combination in this period. Figure 4 compares the
prediction results of the three methods for two test batches
together with the measured values for comparison. The non-
linear method clearly gave more accurate predictions than
the linear method. Detailed prediction results at the ends of
different steady and transition phases/periods are shown in
Figure 5, and again the nonlinear treatment produced the
best results for both batches.

To determine the importance of each phase, the phase
contribution index for each phase and period was calculated.
The mean values for the training and test batches are given
in Figures 6a, b, respectively. Both figures suggest that the
first, fourth and final phases/periods were the most important
for quality. The first and last of these are transition periods,
while the fourth one corresponds to a steady phase. Transi-
tion periods apparently have an important impact on the var-
iation of product quality. Next, the importance of each pro-
cess variable in each phase and period was evaluated using
the variable contribution index. The key results are presented
in Figure 7. Clearly the sixth process variable (Table 1), the
mold stroke, is a key variable common to all four transition
periods. Similarly, in the three steady phases, a common key
variable is the fifth variable in Table 1, the ejector stroke.

Finally, the quality prediction uncertainty and variation were
evaluated using the uncertainty and the variance indices previ-
ously defined. Figure 8 shows the mean values of the predic-

tion uncertainty index for all of the test batches plotted against
time. The uncertainty of the transition periods is clearly much
more significant than that of the steady phases. However, the
prediction uncertainties in the previous phases/periods are
accumulated in the phase combination step, so the uncertainty
increases slightly in the late phases/periods. The batch predic-
tion variances of the three methods are given in Table 3,
where the nonlinear method shows the smallest prediction var-
iance. The detailed phase prediction variances of the three
methods are tabulated in Table 4. Compared to the results in
steady phases, the prediction variances in transition periods are
much bigger, especially in the first and last transition periods.
Variation in the prediction results is more significant in the
transition periods than in the steady phases. Still, the prediction
variation of the PLS-RVM-RVM method is much smaller than
those of the other methods.

Conclusions

In this study an RVM model has been adapted for nonlin-
ear quality prediction with multiphase batch processes. Com-
pared to phase-based PLS prediction models, nonlinear
regression modeling improves quality prediction perform-
ance. Introduction of a series of nonlinear accumulative
regression models for combining the results of different
phases of the process further improves the prediction accu-
racy. To evaluate the importance of each phase for quality, a
phase contribution index has been defined. Similarly, a vari-
able contribution index has been proposed to identify the
key variables in each steady and transition phase of the pro-
cess. When applied to injection molding data, the nonlinear
methods improved the quality prediction performance, but
also our understanding of the injection molding process.
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